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Abstract—We present an algorithm for determining the zeros  polynomial matrix facts. Then, after introducing the pehl
of polynomial matrices of arbitrary order, normal rank, and  statement, we present our numerical algorithm for comgutin
dimension. Specifically, we use the singular value decomptisn the zeros of a polynomial matrix. Finally, we present severa
to reduce the problem to an eigenvalue problem. - .
numerical examples, and conclusions.

I. INTRODUCTION II. DEFINITIONS

_Polynomlals, as the basis for ordinary differential and_ In this section, we introduce polynomial matrices, normal
difference equations, pervade almost every aspect of engii ang zeros. Although many of these definitions can

neering [1-3]. Regardless of whether one is working in thﬁe found in the literature [11], we repeat them here for
continuous-time domain, where one considers poWnomia&mpleteness

in the differentiation operator, in the discrete-time dama Definition 2.1: Let Cy, C4,....C, € RP*™ and
where one considers polynomials in the backshift operator, . n’ Y
or in any other domain, the zeros of a polynomial typify the CA) = CuA" + -+ C1A + Co. (1)

dynamics and overall stability of the problem at hand [3ThenC e RP*™[A].
5]. Hence the ability to compute the zeros of a polynomial  Definition 2.2: Let C € RP*™[A] and letn be the

reliably is of prime importance for practical problems.  smallest nonnegative integer such tii&t\) is of the form

When handling scalar polynomials, as is the case fqu). Then theorder of C'(X) is n if C(\) is nonzero, and
SISO systems, the problem of determining zeros robustly~ if C(X) is zero.

is well understood, and various algorithms are availabte fo Remark2.1: In the literature, (1) is sometimes referred
computing the zeros of a scalar polynomial [6-8]. Howeveto as a matrix pencil, with the common case being the linear
when dealing with polynomial matrices, the problem is notor first-order) matrix penciC(\) = A — AB.

as clear. Although a theoretical basis for the zeros of a Definition 2.3: Let C € RP*™[A]. Then thenormal
polynomial matrix is provided via the Smith and Hermiterank of C(\) is max.cc rank|C(z)]. Specifically, we write
forms, or the determinant if the the polynomial matrix is N

square, their computation is typically carried out symboli nrankC(A)] = ek rank[C'(2)]

cally [9-11], and hence is not amenable to many praCtiC@Jurthermore,C(A) has full normal rank if m = p and
applications. Furthermore, although an extensive tremtmenrank{(]()\ﬂ = .

of linearizations of polynomial matrices can be found [11-  pefinition 2.4: Let C € RP*™[A]. Thenz € C is a
14], much of the attention has been devoted to computing thegyg of /() if

generalized eigenvalues of polynomial matrix linearizasi

[11,15,16]. However, a simple example (Example 2.1) we rank[C'(z)] < nrank[C(A)] .

provide in the present paper shows that the generalizedDefinition 2.4 implies that the zero polynomial matrix
eigenvalues are not necessarily the same as the zeros, eyad all other constant matrices have no zeros. Furthermore,
though it appears that this fact is known [11,14]. In factthe problem of determining the zeros of a linear matrix
an entire literature has sprung up regarding these "infiniigencil with full normal rank is equivalent to the generatize
zeros” which are responsible for the difference between thﬁgenvalue problem. However, when a first-order polynomial
generalized eigenvalues of polynomial matrix lineari@asi matrix is rectangular or does not have full normal rank, then
and the zeros of polynomial matrices [17,18]. the generalized eigenvalue problem does not, in general, re
Here we present a direct, numerical algorithm for comturn the zeros. This is true for generalized eigenvaluesssiv

puting the zeros of a polynomial matrix which relies solelythat uses the QZ decomposition [7, 8], as we demonstrate in
on the most basic properties of polynomial matrices anghe following example.

does not encite the need to discuss these "infinite zeros” Example2.1: Let

or other unnecessary facts such as row/column reducedness.

The contents of the paper are as follows. First, we present C(A) = 0 0 A 0 0 |
the necessary preliminaries concerning polynomial mesric

allowing us to build the rest of the paper from the most basi€hen nrankC(A)] = 1 _and the only zero ofU(A) is .
However, the QZ-algorithm leaveS(A) unchanged since
INASA F]cellqvh Ph.D. Cam;idate, Department thAfmSp"?‘Cﬁ gmiing, The (C'(A) is already upper-triangular. Hence generalized eigen-
University of Michigan, Ann Arbor, M| 48109-2140, mholzel@ich.edu. value solvers that employ the QZ decomposition return, as

2professor, Department of Aerospace Engineering, The ityeof Michigan, Ann ; i
Arbor, MI 48109-2140, dsbaero@umich.edu. generalized eigenvalues, the rati®® and0/0 [7]. O



I1l. PROBLEM FORMULATION

Given a polynomial matrixP € RP*™[A], determine all
of the zeros ofP(\).

IV. ZEROS OF APOLYNOMIAL MATRIX

of C(A) if and only if z is a zero ofC; (X), andz is a zero of

A1 (A)Wy if and only if z is a zero ofVA(X). Hencez € C

is a zero ofC'(A) if and only if z is a zero ofV A(A). O
Next, we show that the zeros of a polynomial matrix of

arbitrary order are equivalent to the zeros of an easily con-

In this section we present a method for computing thatructed first-order polynomial matrix. Furthermore, sitice
zeros of a polynomial matrix. Although some of these resultgroblem of determining the zeros of a first-order polynomial
may again be found in the literature [11], we present thermatrix can be viewed as a special case of the generalized
again for completeness with our own proofs, so as to guiddgenvalue problem, the problem of determining the zeros of

the reader in the development of the algorithm.
Lemma4.l: Let A € CP*™, B € C**™, and

Al A
e [ 4 } |
Also, letV € C™*¢ be a basis for the nullspace 8f Then

nullity (C) = nullity (AV). 2

Proof: Let T € C*** be a basis for the nullspace of

AV. Then lettingyU £ VT, it follows that CU = 0,4 x-

Next, suppose thal/ is not a complete basis for the
nullspace ofC, that is, suppose there exists are N (C)
such thatz ¢ R (U), where N (-) and R (-) denote the
nullspace and rangespace, respectively. Then sifi¢€') C
N (B), it follows that there exists & € C**! such that
x = Vyandy ¢ R(T). However, sincey ¢ R (T), it
follows thaty ¢ N (AV), that is, AVy = Az # 0, which
contradicts the assumption thate N (C). HenceU is a
complete basis for the nullspace ©f

Finally, sinceV is a basis} has full column rank. Hence

a polynomial matrix of arbitrary order can be viewed as a
special case of the generalized eigenvalue problem.
Fact 4.3: Let C € RP*™[\] be given by (1), and let

Cn O;D><1n Opxm
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where0,,, denotes then x m zero matrix, and), ., denotes
the p x m zero matrix. Also, let

AN 2 EX-F

U has full column rank. Furthermore, since the dimensiofhenz € C is a zero ofC(A) if and only if z is a zero of

of the nullspace of” and AV both equalk, we have (2)0
Fact 4.1: Let A € RP*™[)], B € R™*™, and

Also, letV € C™*¢ be a basis for the nullspace 8 Then
z € Cis azero ofC(A) if and only if z is a zero ofA(A) V.
Proof: From Lemma 4.1, for every € C, we have that

nullity (C(x)) = nullity (C(x)V') = nullity (A(z)V),
and hence
rank(C(z)) = rank(A(z)V) + m — ¢.

Thereforez € C is a zero ofC'(A) if and only if = is a zero
of AA)V. O
Fact 4.2: Let A € R™*?[)], B € R™*", and

CA)2[ AN B].

Also, let V € C**™ be a basis for the left nullspace &f.
Thenz € C is a zero ofC'(A) if and only if z is a zero of
VAN).

Proof: Let A;(A) & AT(\), B, £ BT, vy £ VT,
andC;(A\) £ CT(X). Then from Fact 2.4; € C is a zero
of C1(A) if and only z is a zero ofA; (A)V;. Furthermore,
since for everyz € C, rank(C(x)) = rank(Ci(x)) and
rank(A; (z)V1) = rank(V A(x)), it follows that z is a zero

A

A(N).

Proof: Let G € RP*"™™[A] denote the firsp rows of
A(X), and letH € R™(»—1)xnmm )] denote the finab(n—1)
rows of A(\), that is,

G(A)
AR = { H(X)

where

G2 (Cor+Cut) Chos Co |,

H(X)2 [0-1ymxm Lmn—1ym] X = [Ln-1ym Om—1)mxm] -
Then for everyz € C,

U@) 2 [ 2" I, ely In 1",
is a basis for the nullspace @f (z). Furthermore,
G(x)U(z) = C(x).

Hence from Lemma 4.1, for evety € C, we have that
nullity (A(z)) = nullity (G(z)U (z)) = nullity (C(x)).

Thereforez € C is a zero ofC () if and only if z is a zero

of A(N). O
Remark4.1: Fact 4.3 shows that the zeros of a poly-

nomial matrix are equivalent to the zeros of an easily con-

structed first-order polynomial matrix. However, even thlou

the problem has been reduced to a first-order matrix pencil, a



generalized eigenvalue solver does not necessarily rétern Therefore, it follows that: € C is a zero ofC'(\) if and
zeros of the original polynomial matrix, as demonstrated ionly if z is a zero of ;A — F;.

Example 2.1. The following Proposition, however, provides Finally, if E; is zero, then there are no points @ at
a method for computing the zeros of first-order matrixwhich the pencilE;\ — F; = F; drops rank. Henc&’(\)
pencil by first reducing the problem to a standard eigenvalldes no zeros. However, ; is not zero, then it is square

problem. and nonsingular. Hencee C is a zero ofC(\) if and only
Proposition4.1: Let C € RP*™[\] be given by (1), and if z is an eigenvalue 0E{1Fi. O
let A(X\) £ Eg\ — F, be given by Fact 4.3. Furthermore, Remark4.2: Proposition 4.1 reduces the problem of
) Leti20, 02 (p+[n— 1m), andky 2 mn. determining the zeros of an arbitrary p?lynomial matrix to
i) Compute the singular value decomposition/af thatis, e square, regular eigenvalue probléfn” Fiz = Az.
compute the unitary/; € R%<% | unitary V; € Rk <F: | Remark4.3: If th_e _f|nal EZ in Proposition 4.1 has
and quasi-diagond; € R%** such thatls; = U;S, V. full normal rank, but is ill-conditioned, then more accerat
iii) Let r; 2 rank[E;]. estimates of the zeros @f(A) may be obtained by comput-

ing the generalized eigenvalues @f;, E;), as opposed to

iv) If r, =0, then go to Step vii). Otherwise, continue. . . -
computing the eigenvalues @f; " F;.

v) If r; = ¢;, then go to Step vi). Otherwise,

a) Let F/ € Rt—mixk: denote the last; — r; rows of V. NUMERICAL EXAMPLES
the product;" F;. _ Here we demonstrate the algorithm presented in Propo-

b) Compute a basi$V; € R"*/ for the nullspace of sjtion 4.1 with two examples. We begin by returing to
F! using the singular value decomposition. Example 2.1.

c) Incrementi, and let¢; £ r; andk; £ j;. Example5.1: Let

d) Let E; andF; denote the first; rows of the products
Ul \E; . W;_, andUL |F;_1W,_1, respectively. C(N) 2 [ 8 é ] A { 8 %‘ ] ,

e) Return to Step ii).

vi) If r; = k;, then go to Step vii). Otherwise, Then, nrankC(A)] = 1 and the only zero ofC(\) is

a) Let F/ € R%*ki—ri denote the lask; — r; columns - Furthermore, thg Qz-algorithm vyields, as generalized
of the productr, V7. eigenvalues, _the rat|d$/0.a_1nd0/0.

b) Compute a basig; € R¥*% for the left nullspace Next, consider Proposition 4.1. Then
of F! using the singular value decomposition. 0 1 0 o

c) Increment, and let¢; £ j; andk; £ r;. Eo = [ 0 0 } » fo= [ 0 0

d) Let E; andF; denote the first; columns of the prod-
uctsT;_1 E;—1 VL, andT;_1 F;_1 VL |, respectively.
e) Return to Step ii).

Furthermore, computing the singular value decompositfon o
Ey, we find that

vii) If E; is zero, therC(\) has no zeros. Otherwise,c C Uy = { 10 ] . So= [ 1.0 } , Vo= 0 1
is a zero ofC'(A) if and only if z is an eigenvalue of 01 00 L -10
E[lFi. Therefore, from Step v), we have that

Proof: First, from Fact 4.3z € C is a zero ofC'(A) if
and only if z is a zero ofA(A) = Eg\ — Fp.
Next, suppose thaty < ¢y. Then and hence

UOT(EO)\—FO):[ES)‘FOTF(;/]_ E=[01], FR=[0 a].

Fp=[0 0], Wy=1I,

Finally, returning to Step ii) and computing the singular
Furthermore, sincé/y is unitary, Uy has full rank, and it yalue decomposition of;, we find that

follows thatz € C is a zero of EgA — Fj if and only if z is
a zero of Ul (EgX — Fy). Additionally, sincel, denotes a Ui=1, Si=[1 0], W= [ 0 1 } .
basis for the nullspace of}, from Fact 4.1, we have that -1 0

z € Cis a zero ofUl (EgX — Fy) if and only if z is a zero  Therefore, from Step vi), we have that
of (E{A — F') Wy = ExyA — F1. Hence,z € C is a zero of

/ — —
C(A) if and only if z is a zero of E; X — F. Fy =0, Th=1,
Similarly, suppose that, = ¢y < ko. Then and hence
(BoA—Fo) Vg = [ EYA-F) F ], Ey=1 F=a.

and from Fact 4.2, we have thatc C is a zero ofC(\) Thusa is the only eigenvalue of’; ' F; = o and the only

if and only if z is a zero ofTy (E{A — Fj/) = ExA — Fy.  zero of C (). O
Hence, by induction, for every € [0,i— 1], z € C is a zero Next, we demonstrate how Proposition 4.1 is used to
of E;A — F; if and only if z is a zero of ;1A — F;41. computed the zeros of a higher order polynomial matrix.



Although, Proposition 4.1 can be applied to problems ofve conclude thaty = 5 = I; = k4, that is, F; is square
arbitrary dimension, normal rank, and order, we consider and nonsingular. Hence

problem with full normal rank and low enough dimensions

so that we can compute the determinant symbolically, and Boogggz :géé; ?igg ?g;g %;gé
compare the zeros computed using both methods. Furtheﬁ-_lF_ 0'9723 —2.282 1'749 1'737 1'105
more, note that when a matrix does not have full normal™* ~ — 0 62261 —2.198 2'560 2'570 1'552 ’
rank, then one can not compute the zeros by symbolically _b 1953 0 7'710 0 04348 _1‘040 ~0 ?;848
computing the determinant. ‘ ‘ ‘ ‘ '
Example5.2: Let and we have that the eigenvaluesif' F; are
coos [ RURINS Wi LT
_ —2.433

. . - z (El 1F1) =\ _ )

Then the order of?()) is 3 and the matrix coefficients of 1.103

C(A) are given by

6 8 4 7
C3 —-[ 3 4 }, ) —-[ 4 7 },

1 3 6 5
a=|y 3] a=[5 1)

0.1996 + 70.7202

Therefore comparing (3) and (4), we find that the zeros of
C(A) and the eigenvalues df; ' I} are equal, that is, the
algorithm presented in Proposition 4.1 has indeed returned
the correct zeros af'(A). Furthermore, in this case, the QZ-
algorithm applied directly t¢Fy, Ey) yields the generalized

Furthermore, symbolically computing the determinant ogigenvalues (4) with an additional eigenvalue at infinity.

C(A), we find that

det[C(A)] = 5A° — 7TA* — 622 — 37A% — 13X — 34,

and hence the zeros 6f(\) are
4.537
—2.433

2C) =4 _{oa ©)

However, in general, there is no guarantee that the gen-
eralized eigenvalues of the polynomial matrix lineariaati
(Fo, Ep) will be a subset of the zeros of polynomial matrix
as Example 2.1 demonstrates. O

VI. CONCLUSIONS

We have presented an algorithm for determining the zeros
of polynomial matrices of arbitrary order, normal rank, or

0.1996 £ 50.7202

For this low order example, we can now use these valu
as a baseline against which to check the algorithm we have
proposed in Proposition 4.1. Specifically, from Propositio
4.1, we have that

dimension. Specifically, we used the singular value decom-
sition to reduce the problem to an eigenvalue problem.
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